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Abstract 

In this paper, new results on the analysis in hadron-hadron scattering 
(ttN, KN, KN, etc) are obtained by using the nonextensive quantum en- 
tropy and principle of minimum distance in the space of quantum states 
(PMD-SQS). So, using [Sj(p), Sg{q),Sje(p),Sjg{p,q)]-Tsallis-hke scat- 
tering entropies, the optimality as well as the nonextensive statistical 
behavior of the [J and 9]-quantum systems of states produced in hadronic 
scatterings are investigated in an unified manner. A connection between 
optimal states obtained from the principle of minimum distance in the 
space of quantum states (PMD-SQS) [17] and the most stringent (Max- 
Ent) entropic bounds on Tsallis-like entropies for quantum scattering, is 
established. The generalized entropic uncertainty relations as well as the 
correlation between the nonextensivities p and q of the [J and 0]-statistics 
are proved. New results on the experimental tests of the saturation of 
the PMD-SQS-opttmality limit, as well as on the test of optimal entropic 
bands obtained by using the experimental pion-nucleon, kaon-nucleon, 
antikaon-nucleon phase shifts, are presented. The nonextensivity indices 
p and q are determined from the experimental entropies by a fit with the 
optimal entropies [Sj 1 ^), Sg 1 (q), S°jg(p, q)]] obtained from the principle 
of minimum distance in the space of states. In this way strong experi- 
mental evidences for the p— nonextensivities index in the range p = 0.6 
with q = p/(2p — 1) = 3, is obtained from the experimental data of 
the (nN, KN, _ft"iV)-scattering. The experimental evidence obtained here 
for the nonextensive statistical behavior of the (J, 9) — quantum scatterings 
states in the above hadron-hadron scattering can be interpreted as an 
indirect manifestation of the presence of the quarks and gluons as funda- 
mental constituents of the scattering system having the strong- coupling 
long-range regime required by the Quantum Chromodynamics. 



1 



1 Introduction 



In the last time there is an increasing interest in the foundation of a new statisti- 
cal theory [1,2] valid for the nonextensive statistical systems which exhibit some 
relevant long range interactions, the memory effects or multifractal structures. 
It is important to mention here that the Tsallis nonextensive statistical formal- 
ism [2] already has been successfully applied to a large variety of phenomena 
such as (see Ref. [3]): Levy-like and correlated anomalous diffusions, turbulence 
in electron plasma, self-graviting systems, cosmology, galaxy clusters, motion of 
Hydra viridissima, classical and quantum chaos, quantum entanglement, reas- 
sociation in folded proteins, superstatistics, economics, linguistic, etc. Here, is 
worth to mention the recent applications of nonextensive statistics to nuclear 
and high-energy particle physics, namely: electron-positron annihilations [4,5], 
quark-qluon plasma [6], hadronic collisions [7-12,13], nuclear collisions [14], and 
solar neutrinos [15,16]. 

In this paper, some new results on the optimal state analysis of hadron- 
hadron scattering (nN, KN, KN 7 etc) , obtained by using the nonextensive quan- 
tum entropy [7-9] and principle of minimum distance in the space of quan- 
tum states (PMD-SQS) [17], are presented. Then, using [Sj(p], Se(q), Sjg(p), 
Sje{P-> <z)]-Tsallis-like scattering entropies, the optimality as well as the nonex- 
tensive statistical behavior of the [J and 6*]-quantum systems of states produced 
in hadronic scatterings are investigated in an unified manner. A connection 
between optimal states obtained from the principle of minimum distance in the 
space of quantum states (PMD-SQS) [17] and the most stringent (MaxEnt) en- 
tropic bounds on Tsallis-like entropies for quantum scattering, is established. 
The nonextensivity indices p and q are determined from the experimental en- 
tropies by a fit with the optimal entropies [Sj^ip), Sg 1 (q), S°j g (p, q)]]. In this 
way strong experimental evidences for the noncxtcnsivitics index in the range 
p = 0.6 with q = p/ (2p — 1) = 3, are confirmed from the experimental data of 
the principal hadron-hadron scatterings. 

2 Optimality and nonextensive entropy for quan- 
tum scattering 

2.1 Principle of minimum distance in the space of quan- 
tum states 

Recently in [17 ] we described the essential features of the hadron-hadron scat- 
tering by using a new principle of optimum called principle of minimum distance 
in the space of quantum states (PMD-SQS). Then knowledge about the hadron- 
hadron scattering system (or more concretely, about partial amplitudes) are 
deduced by assuming that the scattering system behaves as to optimize some 
given measure of the system effectiveness, e.g., the distance in the Hilbert space 
of scattering states. Thus the behavior of the scattering system is completely 
specified by those variational variables (e.g., the partial scattering amplitudes) 
which are obtained by applying constrained optimization to its effectiveness. 
The PMD-SQS-optimum principle was formulated in a more general mathe- 
matical form by using reproducing kernel Hilbert spaces methods [17-19]. Then, 
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a new "analytic" quantum physics is developed in terms of the reproducing 
functions from the reproducing kernel Hilbcrt spaces (RKHS) of the transition 
amplitudes. In this new kind of analytic quantum physics the system variational 
variables are the partial transition amplitudes which are introduced by the de- 
velopment of S-matrix elements in terms of Fourier components, implied by the 
fundamental symmetry of the quantum interacting system. Here we discuss two 
very simple cases, namely, the application of PMD-SQS— optimal principle [17] 
to the (TrA^iHV^AO-scatterings. 

Therefore, let f ++ (x) and x G [—1,1], be the scattering helicity 

amplitudes of the meson -nucleon scattering process: 

1+ 1 + 

o- + - -0- + - (1) 

x = cos(0), 9 being the cm. scattering angle. The normalization of the helicity 

amplitudes f ++ (x) and /_| (x) is chosen such that the cm. differential cross 

section ^{x) is given by 



/++(*) I 2 + !/+-(*) I 2 



(2) 



Since we will work at fixed energy, the dependence of a e i and ^(x) on 
this variable was suppressed. Hence, the helicities of incoming and outgoing 
nucleons are denoted by /i, fi , and was written as (+),(-), corresponding to (5) 
and (—5), respectively. In terms of the partial waves amplitudes fj + and /,/_ 
we have 



/++(*) = Eti ( J + V2)(/J- + fj+)dl h {x) 
/+-(*) = EjTUJ + V2)(/j- - fj+)dK,(x) 

' 2 2 2 

where the d^(a:)-rotation functions are given by 



(3) 



dii(x) 



1 



i + 1 



Pi +1 (x)- Pi (x) 



(4) 



» = 



i + 1 



Pi +1 (x)+ Pi (x) 



(5) 



where Pi are the derivatives of the Legendre polynomials. 

Now, the elastic integrated cross section for the meson-nucleon scattering 
can be expressed in terms of partial amplitudes fj + and /,/_ 



er e; /27T 



'\ x ^{x)= £ X (2J+l)(|/, 7+ 



+ 1 fj- I 2 ) 



(6) 



Therefore, the variational variables for the (0~l/2 + — > CP 1/2+)— scatterings 
are the helicity amplitudes fj + and fj_ while elastic integrated cross section 
expressed in terms of variational variables by Eq. (6) is taken as the measure 
of system effectiveness. 

Moreover, the elastic integrated cross section is directly related to the con- 
cept of quantum distance in the space of states. If H be the Hilbert space of 
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the scattering states, denned on the interval S=[— 1, 1], with the inner product 
< . , . > and the norm ||-|| , given by 

< f,9 >= f-ilf++(x)g++(x) + f+-{x)g^{x){x)]dx 

<j el /2n = J+ 1 %{x)dx = f ++ (x)f+ \ /+_(*) \ 2 }dx = ||/|| 2 

Then, the in general the distance D(f,g) between any two scattering states 
/, g e H is given by: 

D(f,g) = mm \\ f - g exp(-i*)|| = [||/|| 2 + ||. 9 || 2 - 2 |< f,g>\]i 

The value of the arbitrary phase <& m i n for which the distance function ||/ — 
gexp(— i$)|| is minimized is called minimum phase (see e.g. Refs. [37-40]) and 
is given by : exp(i$ min ) =< f,g > / \< f,g >\ . 

If we take g = then 



D if,0) = l/l = 




As is seen from the above definition, the quantum distances from the Hilbert 
space of the scattering amplitudes have just the dimensions of length (e.g. fm, 
cm, etc.). The detailed presentation of the PMD-SQS as well as some important 
results on application of reproducing kernel Hilbert space (RKHS) methods to 
the extremal problems of hadronic scattering can be found in Refs. [12, 17, 18]. 
Some definitions and PMD-SQS-predictions are presented without a proof in 
the Tables 1-2. 



2.2 J-nonextensive statistics for the quantum scattering 
states 

We define two kind of Tsallis-like scattering entropies. One of them, namely 
Sj(p)i P € R, is special dedicated to the investigation of the nonextensive statis- 
tical behavior of the angular momentum J— quantum states, and can be defined 

by [7] 



S J(P) =[ 1 - E( 2J + /(P - !)> P e R ' 

where the probability distributions p,j are given by 

j m „ 



Pj 



f 



/+ 



+ \fj- 



Ej=l(2J+l)(|/7+| 2 + |/7-| 2 ) £1 



^(2J+l)p, 7 = l 



(7) 



(8) 



Here, it is important to present the following remark about geometric origin of 
the nonextensivity index R. 

Remark 1: Any Tsallis-like entropy of form (7) can be written in the 
equivalent form 



SAP) 



V .A\2 P ) 2P /(P-1), 



^j± = f w^/Ejrf(2J + i)(i ./•./+ i 2 + u./- 1 2 ) 

with: \ip J+ | 2 + \ip.j-\ 2 =pj,and {ipj} £ L 2p , 

\\vj\\ 2p = E(2J + 1)^]* = [i + (i -p)Sj(p)]& 
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and consequently the nonextensivity index is determined by the dimension 2p of 
the Hilbert space L 2p of normalized partial helicity amplitudes { fj± / yJo e i/2Tt}. 



2.3 6>-nonextensive statistics for the quantum scattering 
states 

In similar way, for the 9— scattering states considered as statistical canonical 
ensemble, we can investigate their nonextensive statistical behavior by using an 
angular Tsallis-like scattering entropy Se(q) defined as [7] 



Se(q) 



1 



+i 



dx[P{x)] q 



/(q-1), qER 



where 



(x)dx = 1 



(9) 



(10) 



with jz(x) and a e i defined by Eqs.(2)-(3) and (6). 

Remark 2: Any Tsallis-like entropy of form (9) can be written in the 
equivalent form 



Se(q) 



1 



(IHI- > 



\2qJ 



0++(x) = f ++ {x)/^jS+l dx [\f ++ (x)\* + I/+-WI 2 ] 

<P + - (x) = f + -{x)/^£ldx[\f ++ {x)\* + |/ + -WI 2 ] 
with: |^++(x)| 2 + \(f) + -{x)\ 2 = P(x), and (</>++, <t> + ~) G L 2<? , 

'/+ 1 < to[P( a: )]«l * = [l + (l 



2 9 

and consequently the nonextensivity index q is strictly determined by the di- 
mension 2q of the Hilbert space L 2(? of the normalized helicity amplitudes 

W> ++ , </>+-}• 

2.4 [J^]— Tsallis-like scattering entropies 

Also we can define the following generalized Tsallis-like combined entropy [11,12] 



Sje(p,q) = 



l-^J+lVjf'dxlPix)]" 



/(p-1), P eR, qeR (11) 



The above Tsallis-like scattering entropies posses two important properties. 
First, in the limit k — ► l,k = p, q, the Boltzmann-Gibs kind of entropies is 
recovered: 

lim Sj(p) = Sj(l) = - V(2J + l)pj \npj (12) 
p— >i 

lim = = - / + dxP{x)\nP{x) (13) 
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Secondly, these entropies are called Tsallis-like scattering entropies, having 
the nonextensivity properties in the sense that 

S A+B (k) = S A (k) + S B (k) + (1 - k)S A (k)S B (k), k= P ,qeR (14) 

for any independent sub-systems A, B (j>a+b = PA ■ Pb)- Hence, each of the 
indices p ^ 1 or q ^ 1 from the definitions (7) and (9) can be interpreted as 
measuring the degree nonextensivity. 

Remark 3: Any Tsallis-like entropy of form (11) can be written in the 
following equivalent form 



Sje(p,q) 



1 - 



\<fij\\2p 



(iMk) 



/(P-1) 



(ll^H 2p ) P (ll^ll 29 ) q = [l + (l- P )Sje(p,q)} 

2.5 The equilibrium distributions for the [J]- and [9]- sys- 
tems of quantum scattering states 

We next consider the maximum-entropy (MaxEnt) problem 

max{ Sj(p), Se(q), S g .j(q), S je (p, q)} when a c i = fixed and ^-(1) = fixed (15) 

ail 

as criterion for the determination of the "equilibrium" distributions p™ e and 
P me (x) for the system of quantum states produced by the (0 ^ — > 0~-|)— scattering. 
The equilibrium distributions, as well as theoptimal scattering entropies for the 
quantum scattering of the spineless particles were obtained in Ref. [8-9]. For 
theJ-quantum states, in the spin (0~| — > O - ^) scattering case, these distribu- 
tions are given by: 

„me _ ol _ 1 _ 1 r_ I < T < T and 

Pj —P.J — 2K X i(+l,+l) ~~ (J + l) 2 -l/4> IOT 2 - J - J °> dnC1 , . 

2 2 (16) 

pY = 0, for J > J + 1 
while, for the 8— quantum states, these distributions are as follows 

Kii(x, 1)1 2 

pme {x) = po±l {x) = 2 2 J (17) 



2 2 v ' 

where rf{ i (i) are the d-spin rotation functions (4)-(5) for the spin 1/2 particles, 

2 2 

O 

P; (a;) are the derivatives of Legendre polynomials. The reproducing kernel [17- 
19] Kii(x, 1) is given by 



1 Jo 

Kii(x,l) = -^J+^di h (x) (18) 



1/2 

while the optimal angular momentum J a is 



( Jo + If -1/4 = 2^(1, D = ^(l) d9) 
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We note that results similar to (16)-(19) can be obtained with the constraint: 
Jn(-l) = f ixed instead of ^(1) = fixed 

In the Table 2 we presented analytic formulas for both maximization problem 
of form (15). 

Proof: In this case solving the problem (15) via Lagrange multipliers [20] 
we obtain that the singular solution A = exists and is just given by the 
[Sj 1 (p),Sg 1 (q), Sgj(q)] — optimal entropies corresponding to the PMD-SQS- optimal 
state (see Table 1). Indeed, the problem (15) is equivalent to the following un- 
constrained extremization problem [20]: 

£ = X o {Sj( P ),S e (q),S0j( P ),Sje( P ,q)}+X 1 { ( T el /^-^:(2J+l) [| fj_ | 2 + | f J+ | 2 ] } 
+ A 2 {sn(!) - E(2J + 1) Re(/ J+ + /, 7 _)] 2 - E(2J + 1) Im(/ J+ + fj-)f] -> extremum 

(20) 

Hence, the solution of the problem (20) in the singular case [20] Ao = is 
reduced just to the solution of the minimum constrained distance in space of 
quantum states (PMD-SQS): 

]T(2J + 1) [I fj- I 2 + I h+ I 2 ] when ^(+1) = is fixed (21) 
with the optimal state solution 

f° + f{x) = f++(+V Kl \( +li+ [y f° + + - {*) = ( 22 ) 



Therefore, by a straightforward calculus we obtain that the solution of the 
problem (20) is given by 



Sf{p)= [l-[2K ii (l,l)] 1 - p \ /(p-1), 

1 2 \ 11 



s$Hq) 



I - / dx 



Kii(xA) 



S° je {p, q) 



l 



2K 



II(M)) l-i 



dx 



Kii{x,l) 



2\ I' 



(23) 
(24) 

/(p-1) (25) 



^n(l,l) 

2 2 v 7 

for p > 0, q > 00, where the reproducing kernel Kii(x, 1) is given by Eq.(18). 

2.6 Correlations between [J] and [9 ]- nonextensive statis- 
tics 

A natural but fundamental question was addressed in Refs. [9-11], namely, what 
kind correlation (if it exists) is expected to be observed between the nonextensiv- 
ity indices p and q corresponding to the (p, J)-nonextensive statistics described 
by Sj(p) and (q, 6)— nonextensive statistics described by Se(q)? So, in general, 
an answer at this question is difficult to give for all values of the nonextensivities 
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p,q € R. However, if the Fourier transform denned by Eqs. (3) is considered 
a bounded map from the space L 2p of the vector valued functions {(/,/+, fj-), 

J = 5,5,...} and to the space L 2p of the vector valued functions (/++, f-\ ), 

respectively, then, the answer was given as follows [11,12]. 

Riesz (tj- + ^ = l)-correlation: Let p€ R + and q€ R + be defined as the 
index 2p an of the Hilbert spaces L 2p and L 2q of the vector valued functions 
(fj+, fj-), and (/++,./+-), respectively. Then, the nonextensivity indices p and 
q corresponding to the [J] — statistics and [9] — statistics, respectively, are expected 
to be correlated via the Riesz-Thorin relation 

Y p + Yq = h OT q = P/( 2 P- 1 ) (26) 
and the norm M of the Fourier transform [Eq. (3)- (4)] is expected to be bounded 

by 

M = ^!}} L2q < 2^, \ < p < 1 and q = p/(2p - 1) (27) 



Proof: In our case it was show that the result given by Eq. (26)- (27) is a 
direct consequence of the Riesz-Thorin interpolation theorem extended to the 
vector-valued functions. Indeed, let T be the Fourier transform defined by the 
hclicity scattering amplitude (3) where the partial amplitudes are expressed as 
follow 

fj±= \ I [/++ (x)d{ L (x) ± /+_ (x)d J _ ii(xj\dx (28) 
Then, it was shown that: 

su P {|/ J+ | 2 + |/./-| 2 } 1/2 < j= f' [I/++WI 2 + |/ + -(*)| 2 ] 1/2 ds (29) 
and it was used the Parseval's formula 

^(2J+ l)[|/, /+ | 2 + |/. 7 _| 2 ] = [|/ ++ (x)| 2 + |/+_(*)| 2 ] dx 



(30) 



r 1 !/ 2 

since |d{i(a;)| 2 + \d J _ x i(x)| 2 < 2 1 / 2 . This means that we have T : L x -» 

L 2 2 22 

ioo with the norm Mi = 2 -1 / 2 and T : L 2 —> L 2 with the norm M 2 = 1. Then, 
using the Riesz-Thorin interpolation theorem for the vector- valued functions 
(see J. Berth in Ref. [21]) T : L p > —> L q , with the norm M with (l/p ) = 

(1 - t)/l + t/2, (l/q) = (1 - t)/oo + t/2, and < t < 1. Hence, eliminating 
the parameter t [t = (l/2g) — (l/2p) + 1] and using the relations p — 2p and 
q = 2q, we get not only the condition (26) but also the norm - estimate (27) 
since according to Riesz-Thorin theorem [21] M < M\~ l M\ . 



3 Numerical results 

Now, for a systematic experimental investigation of the saturation of the opti- 
mality limits in hadron-hadron scattering is necessary to use the formulas from 
the Table 1 and the available experimental phase-shifts [22-24] to solve the fol- 
lowing important problems: 
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• To reconstruct the " experimental' pion-nucleon, kaon-nucleon and antikaon- 
nucleon scattering amplitudes; 



• To obtain numerical values of the experimental scattering entropies Sj(q), 
Sg(q) from the reconstructed amplitudes; 



£ar(i) + i/4 



1/2 



To obtain the numerical values of the optimal J a 
1, from experimental scattering amplitudes and then, to calculate the 
numerical values for the PMD-SQS-optimal entropies Sj 1 (q), Sg 1 (q); 

To obtain numerical values for Xj(p) or/and y^{q)-test functions given by 



x 2 x (k) = £ 



1=1 



[S x {k)]i-[S$(k)]i 



X = J, 



p,q 



where 



ASx 1 



(k) 



r qoI 



(k)] 



Jo + l 



[Sx 1 



(k)] Jo - 



(31) 



(32) 



are the values of the PMD — SQS— optimal entropies [S x (k)]j ±i calcu- 
lated with the optimal angular momenta J Q ± 1, respectively. Of course, 
this procedure is equivalent with assumption of an error of AJ Q = ±1 in 
estimation of the experimental values of the optimal angular momentum 
J . The results obtained in this way are presented in the Fig. 1-3 and 
Table 3. 



3.1 Nonextensivity index p for the statistics of J -quantum 
states 

For the investigation of this important problem we use the experimental pion- 
nucleon [22] and kaon-nucleon [23] as well as antikaon-nucleon phase-shifts [24] 
for the calculation of : [Sj{p)] u [Sf(p)]i and [AS^ (see also Tables 1). The 
values of (AS x 1 )i are calculated by assuming an error of AJ a = ±1 in the 
estimation of the optimal angular momentum J Q from the experimental data [see 
Eq. (32)]. Then, by using Eq. (31) we can calculate the values of Xj{p)- The 
numerical results obtained in this way for Xj(p) l n D for different nonextensivities 
p in the interval 0.5 < k < 7.00 are presented in the Table 3, respectively. 
Hence, the results from Table 3 allow us to conclude that the statistics of the 
system of J— quantum states are super extensitive (superadditive) with values of 
the nonextensivity index p in the interval 1/2 < p < 0.6. This experimental 
discovery can be compared with the recent results of Refs. [23-25] about the 
observed radial density profiles in pure-electron plasmas in Penning traps, which 
are also consistent with a value of the nonextensivity index around p = 1/2. 



3.2 Nonextensivity index q for the statistics of [#] -quantum 
states 

In similar way, from the experimental pion-nucleon [20], kaon-nucleon [21] and 
antikaon-nucleon [22] phase-shifts, we obtain the experimental values of: [So(q)]i. 
[S , g 1 (g)]i and [ASg 1 ^)^ and, consequently, the experimental values of Xg(q)/ n D 
presented in Table 3 for the [(7r-/V)/=i/2,3/2; (KN)i=oy, [KN)i= ,i]— scatterings. 
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From the results of the Table 3 we conclude that the statistics of the system 
composed from 9— quantum states are subextensive (subadditive) with an index 
q > 3. 

3.3 Experimental evidence for (l/2p+l/2q=l)-nonextensivity 
correlation 

Now, we can give an " experimental 1 answer to the fundamental question: what 
kind of correlation (if it exists) is expected to be observed between the nonex- 
tensivity indices p and q corresponding to the (p, J)-nonextensive statistics 
described by Sj(p) and (q, 9) — nonextensive statistics described by Sg(q)? [Wc 
remember that the " mathematicaF answer is given by Eq. (26)] . Indeed, from 
Figs. 1-3 as well as from the Table 3 we see that the experimental data on the 
scattering entropies Sj(p) and S$(q) are simultaneously in excellent agreement 
(CL > 99%) with the [S^ip), Sg 1 (q)] — optimal state predictions if the nonex- 
tensivities p and q of the (J and 9)— statistics are correlated via Riesz-Thorin 
relation: l/p+ 1/q = 2 (or q = p/(2p— 1)). So, the best fit is obtained (see 
Tables 3) for the correlated pairs p and q — pj (2p — 1) with the values of p in 
the range p = 0.6 and q = p/(2p — 1) = 3. 

4 Conclusions 

In this paper, by introducing [Sj(p), S$(q), Sjg(p, (7)]-Tsallis-like entropies, the 
saturation of the optimality limits as well as the nonextensive statistical be- 
havior of the [J and 9} -quantum states produced in hadronic scatterings are 
investigated in an unified manner for the pure isospin [nN — > (7r7V)j =1 / 2i3 / 2 ; 
KN — > [KN)i =0 ^i] KN — > (_?TiV)/ = o,i]" sca ttering states. The main results and 
conclusions can be summarized as follows: 

• Using the available experimental phase shifts analysis we calculated the 
numerical values for the [Sj(p), Sg(q), Sjg(p, q)]-Tsallis-like scattering en- 
tropies for the pure isospin /—scattering states: [(ttN) i= i/ 2 ,3/2', (KN)j =0 ,i; 
(KN) I=0>1 \; 

• We presented strong experimental evidence for the saturation of the [Sj 1 (p) , 

^$ 1 (q)i S°Qj{q)\— PMD-SQS optimal limits for all nonextensive (J, 9 ,J9)- 
statistical ensembles of quantum states produced in hadron-hadron scat- 
tering (see Figs. 1-3 and Table 3). These results allow to conclude that 
the \J\-quantum system and \9\-quantum system are produced at "equilib- 
rium" but with the + conjugated nonextensivities p=0.6 and q = 
pi (2p — 1) = 3 in all investigated isospin scattering states: [(7rA r )/ =1 / 2i 3/2; 
(KN)i = o y i; (KN)i-q^i]. So the "geometric origin" of the nonextensivi- 
ties p and q (as dimensions of the Hilbert spaces L 2p and L 2<? ) as well 
as their correlations are experimentally confirmed with high accuracy 
(CL > 99%); 

• The strong experimental evidence obtained here for the nonextensive sta- 
tistical behavior of the (J, 9)— quantum scatterings states in the pion- 
nucleon, kaon-nucleon and antikaon-nucleon scatterings can be interpreted 



10 



as an indirect manifestation the presence of the quarks and gluons as fun- 
damental constituents of the scattering system having the strong- coupling 
long-range regime required by the Quantum Chromodynamics. 

Finally, we note that further investigations are needed since this saturation 
of optimality limits as well as nonextensive statistical behavior of the quantum 
scattering, emphasized here with high accuracy (CL > 99%), can be a signature 
of a new universal law of the quantum scattering. 
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Table 1 : The optimal distributions, reproducing kernels, optimal entropies, 

entropic 

bands, for the (0"l/2+ -> 0"l/2+)-scattering 



Nr. 


Name 


(0 _ l/2+ -> 0~ 1/2+) -scattering 


See Rcf. 


1 


Optimal inequalities 


&(aO<tfi ± i(±l,±l) || /f 


L' J 


2 


Optimal states 


if i i (x,+l) , K i i (x,-l) 

= /W^rTTTTfT' ^ = /(-^kTA-i.-d 

55 ~2 2 


[11] 


3 


Reproducing kernels 


xi_i(x,-i)-Ei o (^+i)4!i(^) 

2^ ± i(±l,±l) = (J + l) 2 -l/4 


[9-12,17] 


4 


Optimal distributions 
P 0±1 {x) 


- 2 

f?l 1 (x,l) 




Ki i(x,-l) 

2 2 






[7-9] 




Ki i(-l,-l) 

3 _ 2 


4 


Optimal distribution 
{Pf} 


p ^ 1 = for J > J + 1 


[7-12] 


** 


5 


Number of 
optimal states 
for y = 1 


7V - £(2 J + 1) = (Jo + I) 2 - 1/4 = 2A- i±i (±l, ±1) 


[7-8] 


6 


Optimal 
angular — momentum 


Jo= { 


4tt da / i I \ i_ 1 


1/2 

-'I 


[7-8] 


7 


Optimal entropy 


^ ±1 W = ^t[i-^o 1 s -1 


[7-8] 


8 


Optimal entropy 






ff l + l (x, ±1)1 \ 

AT(±1,±1) 






[9-12] 


9 


Optimal entropy 
S°el(.q) 






(" 


K 1 + 1 (x,±l) 

2^2 

K 1 + 1 (±l,±i 

2 111 2 




)] 




[9-12] 


10 


Optimal entropy 
S°6l(p) 


S ! 6L 1 ('7) = 




(■ 


Kl,l (x,±l) 
2^2 

Jfl , l(±l,±l 
2^2 




) 




[9-12] 


11 


J— entropic band 


o^^sf^) 


[9-12] 


12 


0— entropic band 




[9-12] 


13 


JO— entropic band (q = p) 




[9-12] 


14 


JO— entropic band (q ^ p) 


^S^fa) < S JL (p) < S° e T{p) 


[11,12] 
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Table 2 : Examples of optimal angular distributions P Q ±i(x), optimal 
logarithmic slope, optimal scaling variable and optimal scaling function 





(0 _ l/2+ -» _ l/2+)-scatterings 


Jo 


r T~2 

K 1 + 1 (x,±l) 

7")Oi 1 / \ 3 2 

p w - jfi ± i(±i,±i) 


1/2 


i(l ± x) 


3/2 


±{l±x)x l 


5/2 


&{l±x)(5x*-ir 


7/2 


mi±x)(7x z -3) 2 x 2 


9/2 


-^(l±a;)(21a; 4 -14a; 2 + l) 2 


11/2 


1 ^J n (l±x)(66a; 4 60a; 2 + 10) 2 a; 2 


13/2 


i433fi(l ± x)(3003x B - 3465a; 4 + 945a; 2 - 35) 2 


15/2 


117 fl MS (l ± re) (51480^ - 72072a; 4 + 27720a; 2 - 2520) 2 a; 2 




** 


1 


Optimal logarithmic slope: b a ±i = ^- 


£&(±1)-1 




2 


1 / 2 

Optimal scaling variable : t 0±1 = 2 [|f| b 0±1 } 1/2 = |a 2 |i| |^(±1) - 1 | " 


3 


Optimal scaling : j^^x) = ^ * 


2 j , , Bessel function 
' l{ - To± > of first order 


4 


Optimal inequality : b = f t In [fe(s, t)] |t=Q > £ 


&&(±1)-1 


= &o±l 



Table 3: x 2 / n D obtained from comparisons of the experimental scattering 
entropies: Sj(p), Sg(q), Sj#(p),and Sj$(p,q), with the optimal entropies: 

S} 1 ^), Sfiq), S%(p),aM S°j e (p, q ), respectively, for the (nN , KN, 
iY7V)-scattcring (see the text) 



Hadron-hadron 
scattering 


p q=2„-i 


X A /n D 

Sj(p) S 6 (q) Sje(p) S je (p,q) 


nN^ (ttN) i=1/2 
88 PSA 
P LAB =0.Q2 + 10 GeV/c 


0.6 3.0 
1.0 1.0 
3.0 0.6 


0.102 0.015 8.965 0.054 
0.649 0.648 124.2 0.721 
143.6 2.181 1. 10 6 312.6 


nN -» (7rJV)j= 3 /2 
88 PSA 
Plab = 0.02 4 10 GeV/c 


0.6 3.0 
1.0 1.0 
3.0 0.6 


0.130 0.090 8.456 0.105 
0.691 1.059 89.44 0.147 
209.2 3.010 8 10 5 63.15 


KN -> (KN) I=0 
52 PSA 
Plab = 0.1 4- 2.65 GeV/c 


0.6 3.0 
1.0 1.0 
3.0 0.6 


0.449 0.035 13.55 0.014 
0.146 0.494 33.12 0.068 
0.190 1.089 145.8 0.240 


if TV -» (KN) I=1 
53 PSA 
Plab = 0.05 4 2.65 GeV/c 


0.6 3.0 
1.0 1.0 
3.0 0.6 


0.089 0.045 1.567 0.011 
0.259 0.586 0.485 0.050 
30.53 1.030 2160. 3.113 


-> (KN) I=0 
50 PSA 
Plab = 0.36 -j- 1.34 GeV/c 


0.6 3.0 
1.0 1.0 
3.0 0.6 


0.168 0.009 5.267 0.026 
0.199 0.267 9.084 0.028 
11.38 0.551 31.56 0.150 


if TV -> (KN) I=1 
50 PSA 
Plab = 0.36 -e- 1.34 GeV/c 


0.6 3.0 
1.0 1.0 
3.0 0.6 


0.062 0.010 4.254 0.001 
0.064 0.196 5.065 0.007 
16.00 0.391 31.40 0.787 
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Fig. 1: The experimental values of the Tsallis-like entropies Sj(p) for 
[(7riV)/ =1 /2,3/2; (KN)i—o t i; (KN)j = q,i] — scatterings, obtained from the avail- 
able experimental phase-shifts [22-24], are compared with the PMD-SQS-optimal 
state predictions Sj 1 (p) given in Table 1 (full curve). The saturation of the 
PMD-SQS (MaxEnt) optimal limits is evident. 
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Fig. 2: The experimental values of the Tsallis-like entropies Sg(q) for [(irN)/—i/2 t 
(KN)i=o ±; (KN)] = o^i\— scatterings, obtained from the available experimental 
phase-shifts [22-24], are compared with the PMD-SQS-optimal state predictions 
Sf(q) given in Table 1 (full curve). The saturation of the PMD-SQS (MaxEnt) 
optimal limits is evident. 
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Fig 3: The experimental values of the Tsallis-like entropies Sjg(p) for [(7riV)j = i/2 3/2! 
(KN)j = o i; (KN)j = o^i]— scattering, obtained from the available experimental 
phase-shifts [22-24], are compared with the PMD-SQS-optimal state predictions 
Sjlip) given in Table 1 (full curve). The saturation of the PMD-SQS (MaxEnt) 
optimal limits is evident. 
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